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Abstract

This note extends Wiseman [6] to more general reputation games with exogenous learning. Using Goss-
ner’s [4] relative entropy method, we provide an explicit lower bound on all Nash equilibrium payoffs of
the long-lived player. The lower bound shows that when the exogenous signals are sufficiently noisy and
the long-lived player is patient, he can be assured of a payoff strictly higher than his minmax payoff.
© 2014 Elsevier Inc. All rights reserved.
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1. Introduction

Wiseman [6] studies an infinitely repeated chain store reputation game in which the short-
lived entrants receive noisy exogenous signals about the type of the long-lived incumbent. He
shows that a sufficiently patient long-lived incumbent can effectively build a reputation and as-
sure himself of a payoff strictly higher than his minmax payoff provided the exogenous signals
are noisy enough.
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This note extends Wiseman [6] to more general reputation models with exogenous learning.
The analysis is built on Gossner [4] who introduces the relative entropy approach to the study
of standard reputation models in Fudenberg and Levine [3] and obtains an explicit lower bound
on all equilibrium payoffs. This paper shows Gossner’s [4] powerful tool can also be naturally
adapted to reputation models with exogenous learning.! We provide an explicit lower bound on
all Nash equilibrium payoffs to the long-lived player which is a modification of that in Goss-
ner [4]. The lower bound is characterized by the commitment action, discount factor, prior belief
and in particular how noisy the learning process is. In general this lower bound is lower than that
in Gossner [4] because of learning and these two bounds coincide if the exogenous signals are
completely uninformative.

The rest of the paper is organized as follows. In Section 2, we describe the reputation model
with exogenous learning. Section 3 presents the main result. Section 4 applies the obtained lower
bound to the example considered in Wiseman [6] and discusses the result. All the proofs are in
Appendix A.

2. Model
2.1. Reputation game with exogenous learning

We consider the canonical reputation model (Mailath and Samuelson [5], Chapter 15) in which
a fixed stage game is infinitely repeated. The stage game is a two-player simultaneous-move finite
game of private monitoring. Denote by A; the finite set of actions for player i in the stage game.
Actions in the stage game are imperfectly observed. At the end of each period, player i only
observes a private signal z; drawn from a finite set Z;. If an action profile a € A; x A, = A is
chosen, the signal vector z = (z1,z2) € Z1 X Zy = Z is realized according to the distribution
7(-|a) € A(Z).> The marginal distribution of player i’s private signals over Z; is denoted by
7;i(-|a). Both w(-|a) and m; (- |a) have obvious extensions 7 (- |«) and m; (- |) respectively to
mixed action profiles. Player i’s ex-post stage game payoff from his action a; and private signal
z; is given by u}(a;, z;). Player i’s ex ante stage game payoff from action profile (¢;,a—;) € A
isuj(aj,a_;) = ZZ[_ ;i (zilai, a,,')uf(ai, z;). Player 1 is a long-lived player with discount factor
8 € (0, 1) while player 2 is a sequence of short-lived players each of whom only lives for one
period. In any period ¢, the long-lived player 1 observes both his own previous actions and private
signals, but the current generation of the short-lived player 2 only observes previous private
signals of his predecessors.

There is uncertainty about the type of player 1. Let & = {§y} U & be the set of all possible
types of player 1. & is the normal type of player 1. His payoff in the repeated game is the
average discounted sum of stage game payoffs (1 —§8) > ",.,8"u(a’). Each &(a1) € & denotes
a simple commitment type who plays the stage game (mixed) action & € A(A) in every period
independent of histories. Assume Z is either finite or countable. The type of player 1 is unknown
to player 2. Let © € A(&) be player 2’s prior belief about player 1’s type, with full support.

At period t = —1, nature selects a type & € & of player 1 according to the initial distribu-
tion u. Player 2 does not observe the type of player 1. However, we assume that the uninformed
player 2 has access to an exogenous channel which gradually reveals the true type of player 1.

' Ekmekci et al. [2] also applies the relative entropy approach to the reputation game in which the type of the long-lived
player is governed by an underlying stochastic process.
2 For a finite set X, A(X) denotes the set of all probability distributions over X.
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More specifically, conditional on the type &, a stochastic process {1;(§)};>0 generates a signal
y' €Y after every period’s play, where Y is a finite set of all possible signals. To distinguish the
signals z € Z generated from each period’s play and the signals y € Y generated by {n;(£)};>0,
we call the former endogenous signals and the latter exogenous signals. In addition to observing
previous endogenous signals, each generation of player 2 also observes all the exogenous signals
from earlier periods. We assume that for each type £ € &, the stochastic process {n;(£)};>0 is
independent and identically distributed across ¢. Conditional on &, the distribution of the exoge-
nous signals in every period is denoted by p(- &) € A(Y).

For expositional convenience, we assume player 1 does not observe the exogenous signals.
This assumption is not crucial for our result. The same lower bound will apply if we assume
player 1 also observes the exogenous signals. A private history of player 1 in period ¢ consists of
his previous actions and endogenous signals, denoted by h’1 = (a(l), z(l), all , z}, .. ai 1, z']_l) €
Hi; = (A1 x Z1)!, with the usual notation Hjy = {f}. A behavior strategy for player 1 is a map

o
o1: & x| JHu — AAD,
=0

with the restriction that for all £ (&) € z,

oo
o1(E@). h) =& forall i} e| J Hy,.
t=0
A private history of player 2 in period ¢ contains both previous endogenous and exogenous
signals, denoted by K} = (23, y°, 25, ¥, ..., 257", y'™1) € Hy = (Za x Y)', with Hay = {#}.
A behavior strategy for player 2 is a map
o
03 : | ) Hu — A(A).
=0
A strategy profile (o}, o) is a Nash equilibrium of this reputation game if it is a pair of
mutual best responses: i) given o, the normal type of player 1 maximizes his expected lifetime
utility, ii) given o7, player 2 updates his belief via Bayes’ rule along the path of play and plays a
myopic best response.

2.2. Relative entropy

The relative entropy between two probability distributions P and Q over a finite set X is the
expected log likelihood ratio

P(x) Px)

d(P||Q)=Eplo =) P)log
fow Z fom

with the usual convention that Olog 7= 0ifg >0 and plog % = oo if p > 0. Relative entropy

is always nonnegative and it is zero if and only if the two distributions are identical.’
Following Gossner [4], relative entropy can be used to measure the error in player 2’s one step
ahead prediction of the endogenous signals.

3 See Cover and Thomas [1], Gossner [4] and Ekmekci et al. [2] for more details on relative entropy.
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Definition 1. The mixed action oy € A(A3) is an g-entropy-confirming best response to a1 €
A(Ay) if there exists o) € A(A1) such that

(a) an is a best response to Oli,
(b) d(ma(- |1, a2)llma(- |}, a2)) <e.

The set of all e-entropy confirming best responses to «; is denoted by B (a1).*

For any commitment type &(&;) € Z, let

Vea €)= azei;}lj&l)ul(&l, a2)
be the lowest possible payoff to player 1 if he plays @; while player 2 plays an g-entropy-
confirming best response to &1. Let Vi(4,)(-) be the pointwise supremum of all convex functions
below V4, Clearly Vi (g,) is convex and nonincreasing.

In addition to one step ahead prediction error, relative entropy will also measure the speed of
learning from exogenous signals. For each commitment type &(&1) € Z, let Ag(a) be the relative
entropy of the exogenous signal distributions when player 1 is the normal type and when he is
the commitment type &(&)), i.e.

re@ay =d(pClED) (- 1E@D)).

This value Agg,) measures how different the two distributions p(-[£0) and p(-|§ (@1)) are. In
terms of learning, Ag4,) measures how fast player 2 can learn from exogenous signals that
player 1 is not the commitment type & (&) when player 1 is indeed the normal type. The larger
Ag(a,) 18, the faster the learning process is. )

The following assumption rules out extremely fast learning.”

Assumption 1. Az 4,) < oo forall £(ay) € g.
3. Main result

For any 6 € (0, 1), let U, (8) denote the infimum of all Nash equilibrium payoffs to the normal
type of player 1 if the discount factor is §. Our main result is the following:

Proposition 1. Under Assumption 1, for all § € (0, 1),

U@z sup Vi (—(1 =8 logpe(§(@n) +rear)-

&@es

To understand this lower bound, consider a commitment type &(&1) € & . Proposition 1 states
that in any Nash equilibrium, the normal type of player 1 is assured of a payoff no less than
Vi@ (—(1 —8) log u(£(@1)) +Ag(a,))- Recall that Ve 4, is a nonincreasing function. For fixed &,

4 For more detailed discussion of g-entropy-confirming best response, see Gossner [4].
5 Technically, it requires that the support of p(-|&) be contained in the support of p(-|£(&)) for every commitment
type £(&1).
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Fig. 1. Chain store stage game.

this lower bound increases with (£(é&1)) while decreases with A 4,). The intuition is straight-
forward. A larger prior probability on the commitment type & (&) makes it easier for the normal
type of player 1 to build a reputation on this commitment type. However the learning process
goes against reputation building because player 2 eventually learns that player 1 is not the com-
mitment type &(&1). It is then intuitive that the speed of learning matters. If the exogenous signals
are sufficiently noisy, then Ag 4,y is small and it is hard for player 2 to distinguish the normal type
and the commitment type. This results in a rather slow learning process and hence a high lower
bound. If the learning process is completely uninformative, A¢ 4,y = 0, then the lower bound is
given by Vg(g,)(—=(1 — 8)log u(&(é&1))) which is exactly the same lower bound derived in Goss-
ner [4] without exogenous learning. In general, when A4,y > 0, the lower bound is lower than
that in Gossner [4] due to the learning effect. If player 1 becomes arbitrarily patient, § — 1,
the lower bound becomes VS(&l)()‘é(&l))~6 The effect of prior probability vanishes while that of
learning remains unchanged. Moreover, in the presence of multiple commitment types, which
commitment type is the most favorable now depends on both stage game payoffs and the speed
of learning. Even if player 2 assigns positive probability on the Stackelberg type, committing to
the Stackelberg action may not help player 1 effectively build a reputation because the exogenous
signals may reveal quickly to player 2 that player 1 is not the Stackelberg commitment type. This
is in a sharp contrast with the result in standard models without exogenous learning.

4. An example

We use the following example which is first considered in Wiseman [6] to illustrate the lower
bound obtained in Proposition 1.

There is a long-lived incumbent, player 1, facing a sequence of short-lived entrants, player 2.
In every period, the entrant chooses between entering (£) and staying out (S) while the incum-
bent decides whether to fight (F') or accommodate (A). The stage game payoff is given in Fig. 1,
where a > 1 and b > 0.

The stage game is infinitely repeated with perfect monitoring. There are two types of player 1,
the normal type, denoted by &p, and a simple commitment type, denoted by &(F) who plays the
stage game Stackelberg action F in every period independent of histories. The prior probability
of £(F) is u(£(F)). The exogenous signals observed by player 2 only take two values: y and y.
Assume p(y|&y) = B, p(Y|€(F)) =« and B > «. Thus a

_ B 1-8
Ag(ry = Blog— 4 (1 — B)log :
o l -«
If player 2 expects player 1 to fight with probability o (F') > bl’?, so that his prediction of player
I’s play is off by log (X(#F) < log %, then his unique best response is to stay out, i.e. Bz (F) = {S}
b+1

when ¢ < log =5—. So we have

6 Since VE(&l) (&) is convex, it is continuous at every & > 0.
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V.o (e) = a 1f<9<longrl
&)= -1 1fa2>longrl

and thus

a+l b+1
iog BT E> if e <log ==,

a—
Ve (e) = log %5~
—1 1f£210g7

Proposition | then implies for all § € (0, 1)

a+1
Uid)za— —b+1(_(1 - S)IOgM(é(F)) +A5(F)),
log 55~
and in the limit
. Ag(F)
1 fU,(8) >a— 1 . 1
imin U za—(a+ %og% (D

Wiseman [6] considers symmetrically distributed signals, i.e., 8 =1 —a > 1/2, and derives
B

a lower bound of a — (a + 1)—h+] Because in this symmetric case Ag(py = (28 — 1) log %,
B

this bound is lower than that in (1). As signals become less informative, i.e. 8 — %, both lower
bounds become arbitrarily close to player 1’s Stackelberg payoff.

As we have mentioned, the term Ag (F) in (1) measures the speed of exogenous learning. In
particular, it measures how frequently the exogenous signals reveal to player 2 that player 1 is
not a commitment type, which in turn determines how frequently player 2 enters. This point is
more transparent by considering the following direct arguments.

Fix any Nash equilibrium o . For any history #°° in which F is always played, let {1;};>0 be
player 2’s posterior belief on the commitment type along this history. Player 2 is willing to enter
in period ¢ only if

b
Prob(F) = u; + (1 — puy)oy (§0. h')(F) < ——

“bh+1
So, if player 2 enters in period ¢, we must have
b
e = m 2
and
o1 (60, ) (F) = ——. G)
b+1

We examine the odds ratio {{;/(1 — 14;)}s>0 along this history. Since the entrant is always fought
along this history, the odds ratio evolves as

Pkl _ (ﬁ)ﬂy(y )<1 _O‘)l"’(y) M vt >0,
1 — gt B 1-8 (I = pr)o1 (o, h)(F)

where 1, is the indicator function for y € {y, y}, i.e. 1,(y") = 1 if y' =y and O otherwise.
Because o (&, h')(F) is always less than or equal to 1, we have

(vt t
=1 — \B 1-8 1—
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if player 2 stays out in period ¢. Because inequality (3) holds if player 2 enters in period ¢, we

have
(vt t
[es1 _ (g)]l)-() )<l_a>]ly(y)b+1 e )
=1 — \B 1-p b 11—

if he enters in period ¢. For any # > 1, let ng(¢), ny(t) be the number of entries and the number
of signal y’s respectively in history A’. Inequalities (4), (5) and simple induction imply

mo_ (b + 1>"E<'><g>">-<f>(1 - a)’"-v“) REF) ©

L—p =\ b B 1-8 1 — w(&(F)) T
Moreover, if player 2 enters in period ¢, inequality (2) implies

b=t 7

1 —
Hence inequalities (6) and (7) together yield
ng(t) ny (1) . t—ny(t)
bz<b+l> (g) (1 a) n(EF)) )
b B 1-p 1 — w(g(F))

for all ¢ at which player 2 enters. Let {f;}x>0 be the sequence of periods in which entry occurs.
By taking log and dividing both sides by #;, inequality (8) implies

lim sup g (k) < ! lim [—ny(tk) log E + (1 — ni(tk)) log - ﬂ]

k00 ir "~ log bbil k—oo| 1 o t l—«a

Ag(F)
b+1°

- log

because — log(blLf()F)))) — 0 as #r — oo and conditional on the normal type ny(t%)/t — B
by law of large numbers. Because for every ¢ > 1, there exists k > 0 such that ty <t < f;4| and
ng(t)/t =ng(ty)/t <ng(tk)/t, the above inequality also holds for the whole sequence

ng(t) < AE(F)
bl

lim su
t%oop ! log ==

Lastly, because this inequality holds for all Nash equilibria, we have

. Ae(F) Ae(F) Ae(F)
liminfU,(8) > (1 — D=a— 1 .
imin _1()_< 1ogb;1>a+1ogb;1( y=a—(a+ ) Tog 1

This is exactly the lower bound in (1).
Appendix A

The whole proof follows the same line of arguments as in Gossner [4], modified to incorpo-
rate exogenous learning. The main idea is to estimate the payoff that player 1 would get in any
equilibrium if he deviated to a commitment strategy, say &;. In every period, player 2 plays a
myopic best response to what he expects player 1 to play, but the actual play is always &; if the
normal type deviated. If we measure this “prediction error” d; by the relative entropy between
the probability distribution over player 2’s histories generated by normal type’s deviation and
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that generated by the equilibrium play, then player 2 is actually always playing an d;-entropy-
confirming best response to &1, yielding a payoff to player 1 at least as high as Ve, d) in
every period. The definition and convexity of Vg, will then imply that ex ante player 1 can
ensure himself a payoff at least as high as Vg4, ((1 — &) > 8"d;) by deviation, and so this value
is an lower bound for player 1’s equilibrium payoff. In Gossner [4], the distribution over histories
generated by normal type’s deviation is exactly the same as that generated by the commitment
type’s play. However, in the current setting, these two distributions are in general different be-
cause the exogenous signals generated by the normal type and the commitment type are different.
Nonetheless, we show here Gossner’s [4] proof can also be applied to the current setting with
some modifications.

Formally, fix o = (07, 02) a Nash equilibrium and a commitment type &(&1) € E.Let P7 be
the probability measure over & X (A1 X Ay X Zj X Z x Y)* induced by o, pwand {o(- 1&)}eez,
as in Section 2. Let P° be the conditional probability of P given the event that player 1 is the
commitment type &(&;). The measure P determines how the play evolves if player 1 is the
commitment type &(&1).

Let o be the strategy for player 1 in which the normal type of player 1 mimics the behavior
of the commitment type & (&), i.e. o (%0, k) = & for all k| € J,~o Hi;. Let o’ = (07, 02).
The probability measure P = P“/(' [{&0} x (A1 X Ay X Z1 X Zp x Y)*)) describes how the
normal type of player 1 expects the play to evolve if he deviates to the commitment strategy
of £(&1). As we have mentioned above, P’ and P? differ in the distributions of player 2’s
exogenous signals. Because player 2’s exogenous signals only depend on the type of player 1,
forall i' € (A; x Ay x Z1 X Zy x Y)! we have

ﬁg’(h[) _ I’J‘U (ht) ﬁ /O(yr|'§>:0)
o Gme@n

where y?, y!, ..., y'~! are the exogenous signals contained in the history A’. Notice by Assump-

tion 1, p(y|&(@1)) > 0 whenever p(y|&y) > 0. Hence the right hand side of the above equality is
well defined. ~

Let PJ, Py "and ]”\2" be the marginal distributions of P?, P° and P° respectively on player
2’s histories (Z2 x Y)*°, and let {P5};>1, {Ff,/}tzl and {I/’;"t},zl be the corresponding finite
dimensional distributions. The following lemma gives an upper bound on the prediction errors in
player 2’s first ¢ periods signals if he expects the game to evolve as P;, while the normal type of
player 1 deviates to &;.

Lemma 1. Forallt > 1,
(P2t ||P2t) - lOgM(E(al)) +1he @)
Proof. We show this by a simple calculation:

oy - P2 (h')
d(P5IPS)= D P5(hh)log — %

hIZGHz, (h )

_, v () T o7 1E)
— Py ()1
> P35 (k) [ P3,(h}) - H o POTIE@)

htZEHzt
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t—1
~o p(y*1&0)
= > P§ (hh)log + > P (n (]‘[7 k )
ot ot 4 POTIEG)

Notice the second term is the relative entropy of the distributions on player 2’s exogenous signals
in the first ¢ periods when player 1 is the normal type and when he is the commitment type &(&1).
Because the exogenous signals are conditionally independent across time, the second term is
simply 7Ag4,)- Moreover, since Pf‘t is obtained by conditioning P7; on the event that player 1 is
the commitment type & (&), we have

(h )_ 1
hy) ~ M(%(&l))

Therefore the first term is no greater than —log i (&(&1)). These two observations imply the
desired result. O

Vhtz (S] H2t-

For any private history h} € Us=o Har Py, (resp., N‘T; 1) induces player 2’s one step ahead

prediction on his endogenous signals 12 € Z3, denoted by pf,(- |h ) (resp., pzl( |h )).” In the
equilibrium, at the information set 4, player 2 believes that his endogenous signals w111 realize
according to pg, (- |h ). But if player 2 had known that player 1 was the normal type and played
like the commitment type &(c;), then player 2 would predict his endogenous signals according
to pg, (- [hb).

For any ¢t > 1, let Egt/[-] denote the expectation over Hp; with respect to the probability
measure ﬁg The following lemma bounds player 2’s expected one step ahead prediction error.

Lemma 2. Forallt >0,

ES (B3 (- 1hy) 105, (- 114))] < d (P51 I1PS,y,) — d(P5; 1P,

where d(P§y||P§ ) =0

Proof. Let g2 ,41(-|h5,25) (resp., §2,14+1(- |k}, 25)) be the one step ahead prediction on his
exogenous signals if he had observed his past private history A5 and current period endoge-

nous signal z5, induced by Pza,z+1 (resp., ISZ‘T);H). Because Assumption | and Lemma | imply

d (135‘1/ | P5;) < oo forall £ > 1, applying the chain rule of relative entropy twice yields®

d(ﬁ£;+1||P2(71+1) —d(P5;'| P3)
= Ez: [ (p2t ( |ht)||P2t( |ht2))] + E;,t+l [d(%ﬂ-l(' |ht27 th) ”‘DJH(' |ht27 th))]’

where E2I +41 1s with respect to the marginal distribution of ﬁz"; qpover (Zp xY ) x Zj. The
desired result is then obtained by noting that the last term in the above expression is nonnegative
because relative entropy is always nonnegative. [

7af h’2 has probability 0 under P?, i.e. it is not reached in the equilibrium o, then the one step ahead prediction is not
well defined. But this does not matter because we will consider the average (over h’z) one step prediction errors.
8 For a formal statement of the chain rule, see Cover and Thomas [1] Section 2.5 and also Gossner [4].
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Let dgigl) be the expected average discounted sum of player 2’s one step ahead prediction

errors if player 1 is the normal type and he deviates to mimicking the commitment type & (&)
o
s, ~_/ ~n
g =ET [ (1=8) ) 8'd(p5, (- 1h5) 103, (- 1hb))
t=0

=1-19) Z(S’Eg; [d(ﬁgtl(' |ht2)||Pgt(' |ht2))]
t=0

Combining Lemmas | and 2, a similar calculation as in Lemma 5 of Gossner [4] will imply
8, A~
dgig ) < =1 =Ou(E@D) + re)-

An important feature of this inequality is that the upper bound on the expected prediction
error is independent of P° and P, which allows us to bound player 1’s payoff in any Nash
equilibrium.

The final step is to show player 1 can guarantee himself a payoff at least as high as

Vian (—(1 = 8)log 1(£(Gn) + Aeqay))

by mimicking commitment type &;. This directly follows from Lemma 6 in Gossner [4].
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